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Knotted Vortices
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Dustin Kleckner1 & William T. M. Irvine1

1James Franck Institute, Department of Physics, The University of Chicago, Chicago, Illinois

60637, USA

While tying a shoelace into a knot is a relatively simple affair, tying a field, for example a

magnetic field, into a knot is a different story: the entire space-filling field must be twisted

everywhere to match the knot being tied at the core. Knots and links have been conjec-

tured to play a fundamental role in many physical systems, including quantum and classical

fluids1–5, electromagnetism6–8, plasmas9–11, liquid crystals12, 13 and others 14–16. Creating topo-

logically linked fields in the laboratory, however, poses significant experimental challenges.

In particular, vortex loops, such as smoke rings, but tied into knots, are the elemental ex-

citation in topological fluid mechanics2–4, 17–20; despite being proposed over a century ago,

they have never successfully been generated in experiment. Here we report the creation of

isolated trefoil vortex knots and pairs of linked vortex rings in water, produced by a new

method of patterning arbitrary vorticity in three dimensions. Using high speed tomography,

we observe that both structures spontaneously untie/unlink themselves, resulting in pairs of

unlinked rings. This change in topology is preceded by a stretching of the vortex loop(s) and

a corresponding distortion constrained by energetics. This work establishes the existence of

knotted vortices in real fluids, paving the way for the study of knotted excitations in turbulent

flows, and offering the first glimpse into universal aspects of topological flows.
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FIG. 1. The creation of vortices with designed shape and topology. a, The conventional method for generating a vortex ring,
in which a burst of fluid is forced through an orifice. b, A vortex ring in air visualized with smoke. c, A vortex ring in water
traced by a line of ultra-fine gas bubbles, which show finer core details than smoke or dye. d-e, A vortex ring can alternatively
be generated as the starting vortex of a suddenly accelerated, specially designed wing. For a wing with the trailing edge
angled inward, the starting vortex moves in the opposite of the direction of wing motion f, The starting vortex is a result of
conservation of circulation – the bound circulation around a wing is balanced by the counter-rotating starting vortex. g, A
rendering of a wing tied into a knot, used to generate a knotted vortex, shown in h.







   

Figure 1 - A knot diagram.
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Figure 2 - The Reidemeister Moves.

That is, two knots are regarded as equivalent if one embedding can be obtained
from the other through a continuous family of embeddings of circles in three-
space. A link is an embedding of a disjoiint collection of circles, taken up to
ambient isotopy. Figure 1 illustrates a diagramm for a knot. The diagram is
regarded both as a schematic picture of the knot, and as a plane graph with
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extra structure at the nodes (indicating how the curve of the knot passes over
or under itself by standard pictorial conventions).
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Figure 3 - Braid Generators.

Ambient isotopy is mathematically the same as the equivalence relation
generated on diagrams by the Reidemeister moves. These moves are illustrated
in Figure 2. Each move is performed on a local part of the diagram that is
topologically identical to the part of the diagram illustrated in this figure
(these figures are representative examples of the types of Reidemeister moves)
without changing the rest of the diagram. The Reidemeister moves are useful in
doing combinatorial topology with knots and links, notaby in working out the
behaviour of knot invariants. A knot invariant is a function defined from knots
and links to some other mathematical object (such as groups or polynomials
or numbers) such that equivalent diagrams are mapped to equivalent objects
(isomorphic groups, identical polynomials, identical numbers).

6

   

Hopf Link

Figure Eight Knot

Trefoil Knot

Figure 4 - Closing Braids to form knots and links.

b CL(b)
Figure 5 - Borromean Rings as a Braid Closure.
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Knots and Links



Is it Knotted? (See Rob Scharein’s Program: KnotPlot)



Knotted DNA - Electron Micrograph, Protein 
Coated DNA Molecule

Text

Work of 
Cozzarelli,

Stasiak
 and 

Spengler.
Spengler SJ, 
Stasiak A, 
Cozzarelli NR. The 
stereostructure of 
knots and 
catenanes 
produced by phage 
lambda integrative 
recombination: 
implications for 
mechanism and 
DNA structure. 
Cell. 1985 Aug;
42(1):325–334. 
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Figure 28 - Processive Recombination with S = [⇥1/3].

Lets see what the form of the processive recombination is for an arbitrary
sequence of recombinations. We start with

O = [a1, a2, · · · , ar�1, ar]

I = [b1, b2, · · · , bs�1, bs].

Then

K[n] = N(O + (I + [n])) = N([a1, a2, · · · , ar�1, ar] + [n + b1, b2, · · · , bs�1, bs])

DNA Knotting and Recombination

Tangle Model for 
DNA 

Recombination:
C. Ernst and 

D.W. Sumners.



Patterned Integrity

The knot is information independent
of the substrate that carries it.



Knot Sets



dimension. After that invention, it turned out that the diagrams
represented knotted and linked curves in space, a concept far
beyond the ken of those original flatlanders.

Set theory is about an asymmetric relation called membership.
We write a  �  S  to say that a is a member of the set S. And we are
loathe to allow a to belong to b, b to belong to a (although there is
really no law against it). In this section we shall diagram the
membership relation as follows:

a
b

a

a b�

The entities a  and b that are in the relation a ����  b are diagrammed as
segments of lines or curves, with the a -curve passing underneath the
b -curve.  Membership is represented by under-passage of curve
segments.  A curve or segment with no curves passing underneath it
is the empty set.

{   }

{ {  }  }

{   }

Knot Sets



130 Constructivist Foundations

Reflexivity and Eigenform
Louis H. Kauffman

Define a * a = a, b * b = b and c * c = c.
And define a * b = c = b * a, a * c = b = c * a
and b * c = a = c * b. 

In other words, each element combines
with itself to produce itself, and any pair of
distinct elements combine to produce the
remaining element that is different from
either of them. The reader can verify that TRI
is indeed a magma. For example, 

a * (b * c) = a * (a ) = a
(a * b) * (a * c) = (c) * (b) = a.

Note also that the multiplication in this
magma is not associative:

a * (a * b) = a * c = b
(a * a) * b = a * b = c.

We will return to this magma in the next
section and see that TRI is intimately related
to the simplest knot, the trefoil knot.

Another example to think about is OM,
the free magma generated by one element J.
Here we consider all possible expressions and
ways that b can combine with itself and with
other elements generated from itself.
Remarkably, the free magma is an infinitely
complex structure. For example, note the fol-
lowing consequences of the distributive law
(here using XY instead of X * Y):

J(JJ) = ((JJ)(JJ)) 
= ((JJ)J)((JJ)J)

= (((JJ)J)(JJ))(((JJ)J)J)).

In the free magma an infinite structure is
generated from one element and all its pat-
terns of self-interaction.

Suppose further that we assume that every
structure-preserving mapping of the magma
M is represented by an element of the magma
M. This will place us in the position of creat-
ing from the magma something like a reflex-
ive domain. 

In the next section we shall see that mag-
mas arise very naturally in the topology of
knots and links in three-dimensional space.
This is an excellent way to think about them,
and it provides a way to think about reflexiv-
ity in terms of topology. Here we take an
abstract point of view and see when the struc-
ture-preserving nature of elements of a
magma leads to the analog of a reflexive
domain.

I shall call a magma M reflexive if it has the
property that every structure-preserving
mapping of the algebra is realized by an ele-

ment of the algebra and (x * x) * z = x * z for
all x and z in M. 

A special case of this last property would
be where x * x = x for all x in M. We shall see
this property come up in the knot theoretic
interpretations of the next section.

Suppose that M is a reflexive magma. Does
M satisfy the fixed point theorem? We find
that the answer is, yes.

Fixed Point Theorem for Reflexive Magmas.
Let M be a reflexive magma. Let F: M → M be
a structure-preserving mapping of M to itself.
Then there exists an element b in M such that
F(p) = p.

Proof. Let F: M → M be any structure-pre-
serving mapping of the magma M to itself.
This means that we assume that F(x * y) =
F(x) * F(y) for all x and y in M. 

Define G(x) = F(x * x) and regard G: M →
M. Is G structure preserving? We must com-
pare G(x * y) = F((x * y) * (x * y)) = F(x * (y *
y)) with G(x) * G(y) = F(x * x) * F(y * y) =
F((x * x) * (y * y)).

Since (x * x) * z = x * z for all x and z in M,
we conclude that G(x * y) = G(x) * G(y) for all
x and y in M.

Thus G is structure preserving and hence
there is an element g of M such that G(x) =
g * x for all x in M. Therefore we have g * x =
F(x * x), whence g * g = F(g * g). For p = g * g,
we have p = F(p). This completes the proof.

Q.E.D.
This analysis shows that the concept of a

magma is very close to our notion of a reflex-
ive domain. The examples of magmas related
to knot theory, given in the previous section,
show that magmas are not just abstract struc-
tures, but are related directly to the properties
of space and topology in the worlds of com-
munication and perception in which we live. 

7. Knot sets, topological 
eigenforms and the left-
distributive magma
We shall use knot and link diagrams to repre-
sent sets. More about this point of view can be
found in the author’s paper “Knot Logic”
(Kauffman 1995). In this notation the
eigenset Ω satisfying the equation

Ω = {Ω}

is a topological curl. If you travel along the
curl you can start as a member and find that
after a while you have become the container.

Further travel takes you back to being a
member in an infinite round. In the topolog-
ical realm, Ω does not have any associated
paradox. This section is intended as an intro-
duction to the idea of topological eigenforms, a
subject that we shall develop more fully else-
where.

Set theory is about an asymmetric relation
called membership. 

We write a ε S to say that a is a member of
the set S. In this section we shall diagram the
membership relation as follows:

This is knot-set notation.
In this notation, if b goes once under a, we

write a = {b}. If b goes twice under a, we write
a = {b, b}. This means that the “sets” are
multi-sets, allowing more than one appear-
ance of a member. For a deeper analysis of the
knot-set structure see (Kauffman 1995).

This knot-set notation allows us to have
sets that are members of themselves, 

and sets can be members of each other.

Here a mutual relationship of a and b is
diagrammed as a topological linking. 

b
a

a

a ε b

Ω

Ω = {Ω}
Ω ε Ω

b

a

a = {b}
b = {a}

a = {b, b}
b = {c, c}
c = {a, a}b

a

c



A 
belongs to A.

A does not
belong to A.

Russell  Paradox (K)not.

Rx = ~xx
RR = ~RR
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Knot Sets

Crossing 
as Relationship

In the diagram above, we indicate two sets. The first (looking like the
mark) is the empty set. The second, consisting of a mark crossing
over another mark, is the set whose only member is the empty set.
We can continue this construction, building again the von Neumann
construction of the natural numbers in this notation:

{ {} {{}} }

{ {} {{}} {{} {{}}} }

{}

{{}}

This notation allows us to also have sets that are members of
themselves,

a a�

a

a = {a}
and sets can be members of each other.a

b
a={b}
b={a}

Mutuality is diagrammed as topological linking. This leads the
question beyond flatland: Is there a topological interpretation for this
way of looking at set-membership?

Consider the following example, modified from the previous one.

b
a

a = {}
b = {a,a}

b

a
a={}
b={}

topological
equivalence

The link consisting of a  and b  in this example is not topologically
linked. The two components slide over one another and come apart.
The set a remains empty, but the set b changes from b = {a,a} to
empty. This example suggests the following interpretation.

Self-
Membership

Mutuality
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b

a={b}

b={a}
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The link consisting of a and b in this example is not topologically 
linked. The two components slide over one another and come apart. 
The set a remains empty, but the set b changes from b = {a,a} to 
empty. This example suggests the following interpretation. 

Knot Sets are
“Fermionic”.

Identical elements
cancel in pairs.

(There is no problem with
invariance

under third
Reidemeister move.)



Borromean Rings

Green  surrounds Red.
Red surrounds Blue.

Blue surrounds Green.



Quantum Mechanics in a Nutshell

1. (measurement free) Physical processes  
are modeled by unitary transformations

 applied to the state vector: |S> -----> U|S> 

0.  A state of a physical system 
corresponds to a unit vector |S> in a 

complex vector space.

2. If |S> = z1|e1> + z2|e2> + ... + zn|en>
in a measurement basis {|e1>,|e2>,...,|en>}, then

measurement of |S> yields |ei> with 
probability |zi|^2.

U



An Entangled State



Quantum Entanglement and 
Topological Entanglement

73.2

Figure 1. The Hopf link.

and gives a specific example of a unitary braiding operator, showing that it does entangle quantum
states. Section 3 ends with a list of problems. Section 4 discusses the link invariants associated
with the braiding operator R introduced in the previous section. Section 5 is a discussion of the
structure of entanglement in relation to measurement. Section 6 is an introduction to the virtual
braid group, an extension of the classical braid group by the symmetric group. We contend
that unitary representations of the virtual braid group provide a good context and language for
quantum computing. Section 7 is a discussion of ideas and concepts that have arisen in the course
of this research. An appendix describes a unitary representation of the three-strand braid group
and its relationship with the Jones polynomial. This representation is presented for contrast since
it can be used to detect highly non-trivial topological states, but it does not involve any quantum
entanglement.

2. The temptation of tangled states

It is quite tempting to make an analogy between topological entanglement in the form of
linked loops in three-dimensional space and the entanglement of quantum states. A topological
entanglement is a non-local structural feature of a topological system. A quantum entanglement
is a non-local structural feature of a quantum system. Take the case of the Hopf link of linking
number one (see figure 1). In this figure we show a simple link of two components and state its
inequivalence to the disjoint union of two unlinked loops. The analogy that one wishes to draw
is with a state of the form

ψ = (|01⟩ − |10⟩)/
√

2

which is quantum entangled. That is, this state is not of the form ψ1 ⊗ ψ2 ∈ H ⊗ H where
H is a complex vector space of dimension two. Cutting a component of the link removes its
topological entanglement. Observing the state removes its quantum entanglement in this case.

An example of Aravind [1] makes the possibility of such a connection even more tantalizing.
Aravind compares the Borromean rings (see figure 2) and the GHZ state

|ψ⟩ = (|β1⟩|β2⟩|β3⟩ − |α1⟩|α2⟩|α3⟩)/
√

2.

The Borromean rings are a three-component link with the property that the triplet of
components is indeed topologically linked, but the removal of any single component leaves
a pair of unlinked rings. Thus, the Borromean rings are of independent intellectual interest as

New Journal of Physics 4 (2002) 73.1–73.18 (http://www.njp.org/)
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Borromean binding∗

Jean-Marc Richard

Laboratoire de Physique Subatomique et Cosmologie

Université Joseph Fourier–CNRS-IN2P3

53, avenue des Martyrs, 38026 Grenoble, France

Abstract
A review is first presented of the Hall–Post inequalities relating N -body to (N −1)-body energies of quantum bound states. These inequalities

are then applied to delimit, in the space of coupling constants, the domain of Borromean binding where a composite system is bound while

smaller subsystems are unbound.

I. INTRODUCTION

There are many examples, at various scales, of compos-

ite systems at the edge between binding and non-binding.

In nuclear physics, a proton–proton or neutron–neutron pair

misses binding by a small margin, while a proton and a neu-

tron form a rather weakly bound deuteron. The existence of a

near-threshold state can induce dramatic consequences, for in-

stance on fusion probabilities [1]. A pair of charmed mesons

is presumably near the border separating stability from spon-

taneous dissociation [2]. Atoms such as 4He were for a long

time believed to be unable to merge into a molecule. Recent

studies indicates a tiny binding of the order of 1 mK for 4He2.

However, if one replaces one of the 4He by an atom contain-

ing the lighter isotope 3He, then the 3He4He is unbound. For

a recent review on 3HeN
4HeM systems, see, e.g., Refs. [3, 4].

An intriguing question is whether it is easier to bind three or

more components than to form a mere two-body bound state.

An answer is provided by the study of halo nuclei, which con-

tain peripheral neutrons. Consider for instance the 6He nu-

cleus. It is stable against any dissociation, while the lighter
5He spontaneously decays into a neutron and a 4He. In the

(reasonable) approximation where the structure of the core is

neglected, this means that the (α, n, n) three-body system is

bound, while neither (α, n) nor (n, n) have a discrete spec-

trum.

This property of 3-body binding without 2-body binding

was astutely named Borromean [5], after the Borromean rings,

FIG. 1: Borromean rings

∗Dedicated to my colleague and friend Vladimir Belyaev at the occasion of

his 70th birthday

which are interlaced in a subtle topological way (see Fig. 1)

such that if any one of them is removed, the two other become

unlocked. The adjective Borromean is nowadays broadly ac-

cepted in the field of quantum few-body systems.

Borromean binding is intimately related to two other fas-

cinating properties of few-body quantum systems. The Efi-

mov effect [6] indicates that when the two-body energy van-

ishes (e.g., by tuning the strength of the potential), a myriad

of weakly-bound states show up in the three-body spectrum.

This implies that the three-body ground-state already exists

at this point. Slightly above the onset of two-body binding,

the ratio E2/E3 of two-body to three-body binding energies

is very small. By rescaling, one can reach a situation with a fi-

nite 2-body energy, and a 3-body energy that becomes infinite

when the range of the potential is made shorter and shorter:

this is the Thomas collapse [7].

This review is organised as follows. In Sec. II, the Hall-Post

inequalities are briefly recalled. They are applied in Sec. III to

constraint the domain of coupling constants leading to Bor-

romean binding for bosons interacting through short-range

forces. The difficulties arising in the case of fermions are de-

scribed in Sec. IV. Borromean binding with Coulomb forces

is the subject of Sec. V, before the conclusions.

II. HALL–POST INEQUALITIES

A number of inequalities can be written down for binding

energies in quantum mechanics if one splits the Hamiltonian

into pieces (each piece being hermitian). Thus, for example,

H = A + B + · · · ⇒ E(H) ≥ E(A) + E(B) + · · · , (1)

in an obvious notation where E(H) is the ground-state energy

of H . Saturation is obtained if A, B, etc., reach their mini-

mum simultaneously. If, for instance, H = p2 − 1/r + r2/2
describes the motion of a particle feeling both a Coulomb and

an harmonic potential, then E(H) ≥ (−1/2) + (3/2), cor-

responding to an equal share of the kinetic energy. A slight

improvement is obtained by writing H =
!
αp2 − 1/r

"
+!

(1 − α)p2 + r2/2
"
, and optimising α.

The reasoning can be applied to obtain a lower bound on

3-body energies in terms of 2-body energies. This has been

discovered independently by several authors working on the

stability of matter [8] or baryon spectroscopy in simple quark

1

Is the Aravind analogy only 
superficial?!

(|000> - |111>)/Sqrt(2)



Compare 
|000>+|111>

and
|100>+|010>+|001>.

In the second case, observation in 
a given tensor factor yields an entangled

state with 50-50 probability.

In this way, we can make a case for
quantum knots.



You can imagine a topological 
state that is a superposition of 

multiple link types.



Quantum Knots
3. WHAT IS A QUANTUM KNOT?
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Figure 2 - Observing a Quantum Knot

Definition. A quantum knot is a linear superposition of classical knots.

Figure 2 illustrates the notion that a quantum knot is an enigma of possible knots that resolves into particular
topological structures when it is observed (measured).

For example, we can let K stand for the collection of all knots, choosing one representative from each
equivalence class. This is a denumerable collection and we can form the formal infinite superposition of each of
these knots with some appropriate amplitude ρ(K)eiθ(K) for each knot K ∈ K, with ρ(K) a non-negative real
number.

Q = ΣK∈Kρ(K)eiθ(K)|K⟩.

We assume that
ΣK∈Kρ(K)2 = 1.

Q is the form of the most general quantum knot. Any particular quantum knot is obtained by specializing the
associated amplitudes for the individual knots. A measurement of Q will yield the state |K⟩ with probability
ρ(K)2.

An example of a more restricted quantum knot can be obtained from a flat diagram such that there are two
choices for over and under crossing at each node of the diagram. Then we can make 2N knot diagrams from the
flat diagram and we can sum over representatives for the different classes of knots that can be made from the
given flat diagram. In this way, you can think of the flat diagram as representing a quantum knot whose potential
observed knots correspond to ways to resolve the crossings of the diagram. Or you could just superimpose a few
random knots.
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Observing a Quantum Knot



We need Quantum Knots!
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Q is the form of the most general quantum knot. Any particular quantum knot is obtained by specializing the
associated amplitudes for the individual knots. A measurement of Q will yield the state |K⇥ with probability
�(K)2.

An example of a more restricted quantum knot can be obtained from a flat diagram such that there are two
choices for over and under crossing at each node of the diagram. Then we can make 2N knot diagrams from the
flat diagram and we can sum over representatives for the di⇥erent classes of knots that can be made from the
given flat diagram. In this way, you can think of the flat diagram as representing a quantum knot whose potential
observed knots correspond to ways to resolve the crossings of the diagram. Or you could just superimpose a few
random knots.

Observing a Quantum Knot

a|K> + b|K’>

K: probability |a|^2

K’:probability |b|^2

K K’

3. WHAT IS A QUANTUM KNOT?

❍❍✓✓✘✘✘✘✘✘✘✿

⑦
⑦
⑦
⑦⑦⑦ ①

✧✦
★✥

✘✘✘
✏✏✏ ❛❛❛☎
☎☎

+

❄

✘✘✘✘✘✘✘

◗
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❩
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❩❩

❧❧

✟✟

Figure 2 - Observing a Quantum Knot

Definition. A quantum knot is a linear superposition of classical knots.

Figure 2 illustrates the notion that a quantum knot is an enigma of possible knots that resolves into particular
topological structures when it is observed (measured).

For example, we can let K stand for the collection of all knots, choosing one representative from each
equivalence class. This is a denumerable collection and we can form the formal infinite superposition of each of
these knots with some appropriate amplitude ρ(K)eiθ(K) for each knot K ∈ K, with ρ(K) a non-negative real
number.

Q = ΣK∈Kρ(K)eiθ(K)|K⟩.

We assume that
ΣK∈Kρ(K)2 = 1.

Q is the form of the most general quantum knot. Any particular quantum knot is obtained by specializing the
associated amplitudes for the individual knots. A measurement of Q will yield the state |K⟩ with probability
ρ(K)2.

An example of a more restricted quantum knot can be obtained from a flat diagram such that there are two
choices for over and under crossing at each node of the diagram. Then we can make 2N knot diagrams from the
flat diagram and we can sum over representatives for the different classes of knots that can be made from the
given flat diagram. In this way, you can think of the flat diagram as representing a quantum knot whose potential
observed knots correspond to ways to resolve the crossings of the diagram. Or you could just superimpose a few
random knots.

3

(or a linear superposition of representatives for knot types.)
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Abstract In this paper, we give a precise and workable definition of a quantum knot
system, the states of which are called quantum knots. This definition can be viewed as
a blueprint for the construction of an actual physical quantum system. Moreover, this
definition of a quantum knot system is intended to represent the “quantum embodi-
ment” of a closed knotted physical piece of rope. A quantum knot, as a state of this
system, represents the state of such a knotted closed piece of rope, i.e., the particular
spatial configuration of the knot tied in the rope. Associated with a quantum knot sys-
tem is a group of unitary transformations, called the ambient group, which represents
all possible ways of moving the rope around (without cutting the rope, and without
letting the rope pass through itself.) Of course, unlike a classical closed piece of rope,
a quantum knot can exhibit non-classical behavior, such as quantum superposition and
quantum entanglement. This raises some interesting and puzzling questions about the
relation between topological and quantum entanglement. The knot type of a quantum
knot is simply the orbit of the quantum knot under the action of the ambient group.
We investigate quantum observables which are invariants of quantum knot type. We
also study the Hamiltonians associated with the generators of the ambient group, and
briefly look at the quantum tunneling of overcrossings into undercrossings. A basic
building block in this paper is a mosaic system which is a formal (rewriting) system of
symbol strings. We conjecture that this formal system fully captures in an axiomatic
way all of the properties of tame knot theory.
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1 Introduction

The objective of this paper is to set the foundation for a research program on quantum
knots.1

For simplicity of exposition, we will throughout this paper frequently use the term
“knot” to mean either a knot or a link.2

In part 1 of this paper, we create a formal system (K, A) consisting of

(1) A graded set K of symbol strings, called knot mosaics, and
(2) A graded subgroup A, called the knot mosaic ambient group, of the group of all

permutations of the set of knot mosaics K.

We conjecture that the formal system (K, A) fully captures the entire structure of
tame knot theory.

Three examples of knot mosaics are given below:

Each of these knot mosaics is a string made up of the following 11 symbols

called mosaic tiles.
An example of an element in the mosaic ambient group A is the mosaic Reidemeister

1 move illustrated below:

1 A PowerPoint presentation of this paper can be found at http://www.csee.umbc.edu/~lomonaco/Lectures.
html.
2 For references on knot theory, see for example [4,10,13,20].
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Here is yet another way of finding quantum knot invariants:

Theorem 3 Let Q
!
K(n), A(n)

"
be a quantum knot system, and let ! be an observable

on the Hilbert space K(n). Let St (!) be the stabilizer subgroup for !, i.e.,

St (!) =
#
U ∈ A(n) : U!U−1 = !

$
.

Then the observable
%

U∈A(n)/St(!)

U!U−1

is a quantum knot n-invariant, where
&

U∈A(n)/St(!) U!U−1 denotes a sum over a
complete set of coset representatives for the stabilizer subgroup St (!) of the ambient
group A(n).

Proof The observable
&

g∈A(n) g!g−1is obviously an quantum knotn-invariant, since

g′
'&

g∈A(n) g!g−1
(

g′−1 = &
g∈A(n) g!g−1 for all g′ ∈ A(n). If we let |St (!)|

denote the order of |St (!)|, and if we let c1, c2, . . . , cp denote a complete set of
coset representatives of the stabilizer subgroup St (!), then

&p
j=1 cj!c−1

j = 1
|St(!)|&

g∈A(n) g!g−1 is also a quantum knot invariant. ⊓%

We end this section with an example of a quantum knot invariant:

Example 2 The following observable ! is an example of a quantum knot 4-invariant:

Remark 6 For yet another approach to quantum knot measurement, we refer the reader
to the brief discussion on quantum knot tomography found in item (11) in the conclu-
sion of this paper.

4 Conclusion: Open questions and future directions

There are many possible open questions and future directions for research. We mention
only a few.
(1) What is the exact structure of the ambient group A(n) and its direct limit

A = lim−→ A(n).

Can one write down an explicit presentation for A(n)? for A? The fact that the
ambient group A(n) is generated by involutions suggests that it may be a Coxeter
group. Is it a Coxeter group?
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Each mosaic is a tensor product of
elementary tiles.

This observable is a quantum knot invariant 
for 4x4 tile space. Knots have characteristic 

invariants in nxn tile space. 

with 
Sam 
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Knot Woven on the Surface 
of a Rhombic Triacontahedron

Courtesy of Robert Gray and 
Lynnclaire Dennis



sets (as sets) was discovered by John von Neumann as a method for 
creating representative multiplicities within set theory. 
Numbers are created from nothing but the act of forming a 
collection from previously created sets. This form of recursion does 
the collecting automatically. 
  
It would be good to see how such structures are related to the 
interaction of polyhedra in three dimensional space. 
It is in fact easier to see how knots and links and weaves are related 
to circularities and self-reference since they are so close in formal 
structure.    
 
III. The Trefoil Knot, the Pentagon and the Golden Ratio 
First we begin with an experiment that you can do with the trefoil 
knot and a strip of paper. Tie the strip into a trefoil and pull it 
gently tight and fold it so that you obtain a flat knot. 
 

 
 

Figure 26 - Tying a Ribbon into a Trefoil Knot 
 
As you pull it tight with care a pentagon will appear! 

 
 

Figure 27 - Tightening the Ribbon Trefoil Knot to Form a 
Pentagon 

 
 
Now it is intuitively clear that this pentagonal form of the trefoil 
knot uses the least length of paper for a given width of paper (to 
make a flattened trefoil). At this writing, I do not have a proof of 
this 
statement, but stand by! 
 
What we can do is to determine the length to width ratio of the strip 
of paper obtained from this construction, by cutting the knot 
exactly along the edges of the pentagon. 

 
Figure 28 - Cut Strip to Form Just the Pentagon 

 
Then unfold this strip. 

 

 
Figure 32 - The Internal Geometry of the  Pentagon Gives 

Rise to the Golden Ratio 
 
The small pentagon has its edge  e and chord  d labeled. We embed 
the small pentagon in the larger one and observe via a 
parallelogram and by similar triangles that  
d/e = (d+e)/d  (similar triangles). 
Thus with F = d/e we have 
d/e = 1 + e/d whence 
F = 1 + 1/F. 
This is sufficient to show that F is the golden ratio. Note how the 
golden ratio appears here through the way that a pentagon embeds 
in a pentagon, a pentagonal self-reference. 
 
We conclude that  
 
L/W = 4(F+1)/Sqrt(3 - F^{2} + 2F) = 4(F+1)/Sqrt(2 + F) 
 
Thus  
 
L/W = 4(F+1)/Sqrt(2+F). 
 
This shows how the golden ratio appears crucially in this 
fundamental parameter associated with the trefoil knot. 
 
Numerically, we find that  



Is the Geometric Universe 
a Poincare Dodecahedral Space?



The Poincare Dodecahedral space is
obtained by identifying opposite
sides of a dodedahedron with

a twist.
The resulting space, if you were inside it,
would be something like the next slide.

Whenever you crossed a pentagonal face,
you would find yourself back in 

the Dodecahedron. 





What Does This Have 
to do with Knot Theory?

The dodecahedral Space M has 
Axes of Symmetry:

five-fold, three-fold and two-fold.

The dodecahedral space M is the
5-fold cyclic branched covering

of the three-sphere, branched along the
trefoil knot.

M = Variety(x^2 + y^3 + z^5) 
Intersected with S^5 in C^3.



So perhaps the trefoil knot is the 
key to the universe.











MODERN TIMES
Quarks and Gluons - Gluon Flux

http://www.physics.adelaide.edu.au/theory/
staff/leinweber/VisualQCD/Nobel/
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Are Glueballs Knotted Closed Strings?

Antti J. Niemi∗

Department of Theoretical Physics, Uppsala University,
Box 803, S-75 108 Uppsala, Sweden

May 29, 2006

Abstract

Glueballs have a natural interpretation as closed strings in Yang-Mills theory.
Their stability requires that the string carries a nontrivial twist, or then it is knot-
ted. Since a twist can be either left-handed or right-handed, this implies that
the glueball spectrum must be degenerate. This degeneracy becomes consistent
with experimental observations, when we identify the ηL(1410) component of the
η(1440) pseudoscalar as a 0−+ glueball, degenerate in mass with the widely ac-
cepted 0++ glueball f0(1500). In addition of qualitative similarities, we find that
these two states also share quantitative similarity in terms of equal production ra-
tios, which we view as further evidence that their structures must be very similar.
We explain how our string picture of glueballs can be obtained from Yang-Mills
theory, by employing a decomposed gauge field. We also consider various experi-
mental consequences of our proposal, including the interactions between glueballs
and quarks and the possibility to employ glueballs as probes for extra dimen-
sions: The coupling of strong interactions to higher dimensions seems to imply
that absolute color confinement becomes lost.

∗Antti.Niemi@teorfys.uu.se
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Universal energy spectrum of tight knots and links in physics∗

Roman V. Buniy† and Thomas W. Kephart‡

Department of Physics and Astronomy, Vanderbilt University, Nashville, TN 37235, USA

We argue that a systems of tightly knotted, linked, or braided flux tubes will have a universal
mass-energy spectrum, since the length of fixed radius flux tubes depend only on the topology of
the configuration. We motivate the discussion with plasma physics examples, then concentrate on
the model of glueballs as knotted QCD flux tubes. Other applications will also be discussed.

I. INTRODUCTION

It is known from plasma physics that linked magnetic
flux tubes are much more stable than an unknotted single
loop [1]. Linked flux tubes carry topological charge, and
this can be thought of as a conserved (at least to low-
est order) physical quantum number. Similarly, knotted
flux tubes carry topological quantum numbers, and one
can think of a knot as a self-linked loop. The topological
charges are described by knot polynomials that are re-
lated to projections of knots or links into a plane where
the crossings of the loops are assigned various attributes.
Following each line around its loop generates the polyno-
mials. Several types of polynomials have been studied in
the literature (see e.g. Refs. [2, 3]): Alexander, Conway,
Jones, Kauffman, etc., with increasing levels of precision
for distinguishing knots. For example, the simplest knot,
the trefoil, has a chiral partner (mirror image) that is
not detected by the simpler polynomials, but is by the
more sophisticated ones. Hence, a pair of knots with dif-
ferent polynomials are different, but the converse is not
necessarily true. It is still an unsolved problem to find a
set of polynomials that distinguishes all non-isomorphic
knots/links. Similar results hold for braids, and we will
also discuss these objects below.

II. REVIEW OF PREVIOUS PHYSICAL
RESULTS ON TIGHT KNOTS AND LINKS

If the loops have fixed uniform thickness and circu-
lar cross-section (we will eventually discuss how one can
relax this condition), then each knot and link has a com-
pletely specified length if the configuration is tight, i.e.,
is of the shortest length with the tubes undistorted and
non-overlapping. If tubes have uniform cross sections, as
can be approximately the case with magnetic or electric
flux tubes carrying quantized flux, or for a polymer or
even a piece of spaghetti, then the length of the tight
knot is proportional to the mass (or energy) of the knot.

∗This work is a contribution to “Numerical methods, simulations,
and computations in knot theory and its applications”, J. Calvo,
K. Millet, and E. Rawdon, eds., World Scientific, Singapore, 2004.
†Electronic address: roman.buniy@vanderbilt.edu
‡Electronic address: thomas.w.kephart@vanderbilt.edu

This, we claim, generates a universal mass (energy) spec-
trum for knotted/linked configurations of objects of this
type. The lengths of tight knots were not studied until
the mid-1990s [4], and only recently have accurate calcu-
lations of large numbers of tight knots [5] and links [6]
become available. These results now make it possible to
examine physical systems and compare them with the
knot spectrum. The first physical example studied was
tightly knotted DNA [4]. More recently, we have exam-
ined the glueball spectrum of QCD [7]. These particles [8]
are likely to be solitonic states [9] that are solutions to the
QCD field equations. While QCD will be our main focus
in this chapter, there are many more cases where tight
knots may play a role. We first proceed with an analysis
of flux tubes in plasma physics. The lack of controllable
quantum flux renders this case somewhat less interest-
ing than its generalization to QCD. We will not go into
any experimental details here, but we hope the experts
in the areas discussed will take our general perspective
into account when analyzing their data.

In order to decide if a system of flux tubes falls into
the universal class of having a tight knot energy spec-
trum, we must first investigate the time scales involved.
These are the lifetime of the soliton τs and the relax-
ation time τr necessary to reach the ground state of a
tight knot configuration. The soliton lifetime (or the
corresponding decay width Γs = 1/τs) can depend on
several factors. These include the effects of flux tube
breaking, rearrangement, and reconnection. The partial
width for flux tube breaking is non-zero if the produc-
tion of particle/anti-particle pairs is energetically possi-
ble, for example monopole/anti-monopole (MM̄) pairs or
color monopole/anti-monopole (MCM̄C) pairs for mag-
netic flux (or color magnetic flux) or quark/anti-quark
(qq̄) pairs for color electric flux tubes. The partial widths
can vary widely depending on the particle masses (e.g.,
mq ≪ M , so we expect qq̄ pairs to be easier to produce
than MM̄ pairs), interaction strengths (this, for instance,
enhances MM̄ pair production versus qq̄ pair produc-
tion), and boundary conditions (tube shape and length).
Rearrangement is a quantum effect where, for example, in
a double donut arrangement, the loops can tunnel free of
each other. Finally, reconnection is another effect where
tubes break and re-attach in a different configuration.
Such behavior has been seen in plasma physics, and is
of major importance in understanding a variety of astro-
physical systems. All these processes change topological
charge, and their partial widths compete more or less

Figure 2: The second shortest solitonic flux configuration is the trefoil knot 31 corresponding to the
second lightest glueball candidate f0(980).
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Figure 2: The second shortest solitonic flux configuration is the trefoil knot 31 corresponding to the
second lightest glueball candidate f0(980).
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The next demonstration is 
made by Jason Cantarella, 

using his program “ridgerunner”.

http://www.math.uga.edu/~cantarel/

In the next frame we show
a Cantarella film,

contracting the knot 9_{42}.
This is the first chiral knot

that is undetected from its mirror
image by the Jones polynomial. 





And here is the contraction of the 
trefoil knot.





Mobius Strip Particles

(published in Journal of Knot Theory
and Its Ramifications)











The Non-Locality of Impossibility

Analog: Imaginary Object Quantum State
Observation Selective Ignorance



















SU(2) versus SO(3) and the 
Dirac String Trick



Orientation Entanglement Relation 
Corresponds to SU(2) Symmetry
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Quantum Hall Effect





Braiding Anyons

Recoupling

Process Spaces

Λ





P P P P P P

P

P

*

P

|1>:|0>:

The process space with three input P’s 
and one output P has dimension two.

It is a candidate for a unitary 
representation of the three strand braids.



 �  �   

state and a blank space for the unmarked state. Then one has two modes of
interaction of a box with itself:

1. Adjacency:

and

2. Nesting: .

With this convention we take the adjacency interaction to yield a single box,
and the nesting interaction to produce nothing:

=

=

We take the notational opportunity to denote nothing by an asterisk (*). The
syntatical rules for operating the asterisk are Thus the asterisk is a stand-in
for no mark at all and it can be erased or placed wherever it is convenient to
do so. Thus

= �.

We shall make a recoupling theory based on this particle, but it is worth
noting some of its purely combinatorial properties first. The arithmetic of
combining boxes (standing for acts of distinction) according to these rules
has been studied and formalized in [52] and correlated with Boolean algebra
and classical logic. Here within and next to are ways to refer to the two
sides delineated by the given distinction. From this point of view, there are
two modes of relationship (adjacency and nesting) that arise at once in the
presence of a distinction.

*

P P P P

P

Figure 25 - Fibonacci Particle Interaction
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=

Forbidden

Figure 29 - Fibonacci Particle as 2-Projector

Note that in Figure 29 we have adopted a single strand notation for the particle
interactions, with a solid strand corresponding to the marked particle, a dotted
strand (or nothing) corresponding to the unmarked particle. A dark vertex
indicates either an interaction point, or it may be used to indicate the the
single strand is shorthand for two ordinary strands. Remember that these are
all shorthand expressions for underlying bracket polynomial calculations.

In Figures 30, 31, 32, 33, 34 and 35 we have provided complete diagram-
matic calculations of all of the relevant small nets and evaluations that are
useful in the two-strand theory that is being used here. The reader may wish
to skip directly to Figure 36a and Figure 36b where we determine the form of
the recoupling coe�cients for this theory. We will discuss the resulting algebra
below.
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�  �     

properties (the operator is idempotent and a self-attached strand yields a zero
evaluation) and give diagrammatic proofs of these properties.

=

= = = 0

= 0

= =

=

� 1/⇥

�(1/⇥)⇥� 1/⇥

� 1/⇥

Figure 28 - The 2-Projector

In Figure 29, we show the essence of the Temperley-Lieb recoupling model
for the Fibonacci particle. The Fibonaccie particle is, in this mathematical
model, identified with the 2-projector itself. As the reader can see from Figure
29, there are two basic interactions of the 2-projector with itself, one giving
a 2-projector, the other giving nothing. This is the pattern of self-iteraction
of the Fibonacci particle. There is a third possibility, depicted in Figure 29,
where two 2-projectors interact to produce a 4-projector. We could remark at
the outset, that the 4-projector will be zero if we choose the bracket polynomial
variable A = e3�/5. Rather than start there, we will assume that the 4-projector
is forbidden and deduce (below) that the theory has to be at this root of unity.
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Fibonacci 
Model

Temperley Lieb 
Representation of 
Fibonacci Model

 �  � � �    

For this specialization we see that the matrix F becomes

F =

�
1/⇤ ⇤/�

�/⇤2 T⇤/�2

⇥

=

�
1/⇤ ⇤/�

�/⇤2 (��2/⇤2)⇤/�2

⇥

=

�
1/⇤ ⇤/�

�/⇤2 �1/⇤

⇥

This version of F has square equal to the identity independent of the value of
�, so long as ⇤2 = ⇤ + 1.

The Final Adjustment. Our last version of F su⇥ers from a lack of symme-
try. It is not a symmetric matrix, and hence not unitary. A final adjustment
of the model gives this desired symmetry. Consider the result of replacing each
trivalent vertex (with three 2-projector strands) by a multiple by a given quan-
tity ⇥. Since the � has two vertices, it will be multiplied by ⇥2. Similarly, the
tetradhedron T will be multiplied by ⇥4. The ⇤ and the � will be unchanged.
Other properties of the model will remain unchanged. The new recoupling
matrix, after such an adjustment is made, becomes

�
1/⇤ ⇤/⇥2�

⇥2�/⇤2 �1/⇤

⇥

For symmetry we require

⇤/(⇥2�) = ⇥2�/⇤2.

We take
⇥2 =

⇥
⇤3/�.

With this choice of ⇥ we have

⇤/(⇥2�) = ⇤�/(�
⇥

⇤3) = 1/
⇥

⇤.

Hence the new symmetric F is given by the equation

F =

�
1/⇤ 1/

⇥
⇤

1/
⇥

⇤ �1/⇤

⇥

=

�
⇤

⇥
⇤⇥

⇤ �⇤

⇥

where ⇤ is the golden ratio and ⇤ = 1/⇤. This gives the Fibonacci model.
Using Figures 37 and 38, we have that the local braiding matrix for the model
is given by the formula below with A = e3�i/5.

R =

�
�A4 0

0 A8

⇥

=

�
e4�i/5 0

0 �e2�i/5

⇥

.

The simplest example of a braid group representation arising from this
theory is the representation of the three strand braid group generated by S1 =
R and S2 = FRF (Remember that F = F T = F�1.). The matrices S1 and S2

are both unitary, and they generate a dense subset of the unitary group U(2),
supplying the first part of the transformations needed for quantum computing.
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Notice that it follows from the symmetry of the diagrammatic recoupling for-
mulas of Figure 36 that the square of the recoupling matrix F is equal to the
identity. That is,

�
1 0
0 1

⇥

= F 2 =

�
1/⇥ ⇥/�

�/⇥2 T⇥/�2

⇥ �
1/⇥ ⇥/�

�/⇥2 T⇥/�2

⇥

=

�
1/⇥2 + 1/⇥ 1/� + T⇥2/�3

�/⇥3 + T/(⇥�) 1/⇥ + ⇥2T 2/�4

⇥

.

Thus we need the relation

1/⇥ + 1/⇥2 = 1.

This is equivalent to saying that

⇥2 = 1 + ⇥,

a quadratic equation whose solutions are

⇥ = (1±
⇥

5)/2.

Furthermore, we know that
⇥ = �2 � 1

from Figure 33. Hence
⇥2 = ⇥ + 1 = �2.

We shall now specialize to the case where

⇥ = � = (1 +
⇥

5)/2,

leaving the other cases for the exploration of the reader. We then take

A = e3�i/5

so that
� = �A2 � A�2 = �2cos(6⇥/5) = (1 +

⇥
5)/2.

Note that � � 1/� = 1. Thus

� = (� � 1/�)2� �⇥/� = � � 1.

and
T = (� � 1/�)2(�2 � 2)� 2�/� = (�2 � 2)� 2(� � 1)/�

= (� � 1)(� � 2)/� = 3� � 5.

Note that
T = ��2/⇥2,

from which it follows immediately that

F 2 = I.

This proves that we can satisfy this model when ⇥ = � = (1 +
⇥

5)/2.
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For this specialization we see that the matrix F becomes

F =

�
1/⇤ ⇤/�

�/⇤2 T⇤/�2

⇥

=

�
1/⇤ ⇤/�

�/⇤2 (��2/⇤2)⇤/�2

⇥

=

�
1/⇤ ⇤/�

�/⇤2 �1/⇤

⇥

This version of F has square equal to the identity independent of the value of
�, so long as ⇤2 = ⇤ + 1.

The Final Adjustment. Our last version of F su⇥ers from a lack of symme-
try. It is not a symmetric matrix, and hence not unitary. A final adjustment
of the model gives this desired symmetry. Consider the result of replacing each
trivalent vertex (with three 2-projector strands) by a multiple by a given quan-
tity ⇥. Since the � has two vertices, it will be multiplied by ⇥2. Similarly, the
tetradhedron T will be multiplied by ⇥4. The ⇤ and the � will be unchanged.
Other properties of the model will remain unchanged. The new recoupling
matrix, after such an adjustment is made, becomes

�
1/⇤ ⇤/⇥2�

⇥2�/⇤2 �1/⇤

⇥

For symmetry we require

⇤/(⇥2�) = ⇥2�/⇤2.

We take
⇥2 =

⇥
⇤3/�.

With this choice of ⇥ we have

⇤/(⇥2�) = ⇤�/(�
⇥

⇤3) = 1/
⇥

⇤.

Hence the new symmetric F is given by the equation

F =

�
1/⇤ 1/

⇥
⇤

1/
⇥

⇤ �1/⇤

⇥

=

�
⇤

⇥
⇤⇥

⇤ �⇤

⇥

where ⇤ is the golden ratio and ⇤ = 1/⇤. This gives the Fibonacci model.
Using Figures 37 and 38, we have that the local braiding matrix for the model
is given by the formula below with A = e3�i/5.

R =

�
�A4 0

0 A8

⇥

=

�
e4�i/5 0

0 �e2�i/5

⇥

.

The simplest example of a braid group representation arising from this
theory is the representation of the three strand braid group generated by S1 =
R and S2 = FRF (Remember that F = F T = F�1.). The matrices S1 and S2

are both unitary, and they generate a dense subset of the unitary group U(2),
supplying the first part of the transformations needed for quantum computing.
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Braid Representations 
Dense in Unitary 

Groups



The Fibonacci Model yields a braid group
representation that is universal for quantum

computation. It is a braid group representation 
that is dense in the unitary groups.

The structure of this representation is also 
theoretically realized in the present models of 

the quantum Hall effect.
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A topological model of composite preons
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We describe a simple model, based on the preon model of Shupe and Harari, in which the binding
of preons is represented topologically. We then demonstrate a direct correspondence between this
model and much of the known phenomenology of the Standard Model. In particular we identify the
substructure of quarks, leptons and gauge bosons with elements of the braid group B3. Importantly,
the preonic objects of this model require fewer assumed properties than in the Shupe/Harari model,
yet more emergent quantities, such as helicity, hypercharge, and so on, are found. Simple topological
processes are identified with electroweak interactions and conservation laws. The objects which play
the role of preons in this model may occur as topological structures in a more comprehensive theory,
and may themselves be viewed as composite, being formed of truly fundamental sub-components,
representing exactly two levels of substructure within quarks and leptons.

PACS numbers: 12.60.Rc, 12.10.Dm

I. INTRODUCTION

The Standard Model (SM) provides an extremely suc-
cesful and simple means of classifying and understand-
ing the physical processes which fill the Universe. How-
ever the existence of many seemingly arbitrary features
hints at a more fundamental physical theory from which
the SM arises. Considering the successful series of ideas
leading through molecules, to atoms, nuclei, nucleons,
and quarks, it was perhaps inevitable that a model based
on compositeness of quarks and leptons would be devel-
oped. The first such was proposed by Pati and Salam [1]
in 1974, however it lacked any real explanatory power.
Pati and Salam gave the name preons to their hypo-
thetical constituent particles, and this name was grad-
ually adopted to refer to the sub-quark/sub-lepton par-
ticles of any model. Other notable preon models were
developed by several authors (e.g. [2]), but it is the so-
called Rishon Model, proposed simultaneously by Harari
and Shupe [3, 4] which will be of most interest to us
here. In Harari’s more commonly quoted terminology,
this model involves just two kinds of ‘rishons’, one car-
rying an electric charge of +e/3 where −e is the charge
on the electron, the other neutral. The rishons combine
into triplets, with the two “three-of-a-kind” triplets be-
ing interpreted as the νe and e+, and the permutations of
triplets with an “odd-man-out” being interpreted as the
different colours of quarks. Equivalent combinations can
be formed from the anti-rishons to create the remaining
fermions and anti-fermions, such as the e− and νe. Cer-
tain combinations of rishons and anti-rishons were also
suggested to correspond with gauge bosons.
The rishon model accounted for many aspects of the SM,
including the precise ratios of lepton and quark electric
charges, and the correspondence between fractional elec-

∗Electronic address: sbilson@physics.adelaide.edu.au

tric charge and colour charge. Unfortunately, as origi-
nally proposed it also had several problems, including the
lack of a dynamical framework, and the lack of an expla-
nation as to why the ordering of rishons within triplets
should matter. A charge called “hypercolour” was pro-
posed to solve these problems [5]. The introduction of
hypercolour implied the existence of “hypergluons” and
some QCD-like confinement mechanism for the rishons.
Hence, the simplicity of the original model was reduced,
and many of the fundamental questions about particles
and interactions were simply moved to the realm of ris-
hons, yielding little obvious advantage over the SM. Fur-
thermore preon models were never able to adequately an-
swer several fundamental questions, such as how preons
confined at all length scales experimentally probed can
form very light composites (see e.g. [6] for an attempt to
address this issue).
This article presents an idea based on the original rishon
model (without hypercolour), which we call the Helon
Model. The reader should note the subtle yet important
distinction that this is not a preon model per se, based
upon point-like particles, but rather a preon-inspired
model, which may be realised as a topological feature
of some more comprehensive theory. For this reason we
do not believe that the objections levelled at the rishon
model and other preon models should be assumed, a pri-
ori, to be relevant to the helon model. A thorough in-
vestigation of such issues will be undertaken in subse-
quent work, however they are beyond the scope of the
current article. Here we simply present a pedagogical in-
troduction to the helon model, and describe how various
features of the standard model emerge from it.

II. THE HELON MODEL

Let us now introduce our topologically-based toy
model of quarks, leptons, and gauge bosons. It is conve-
nient to represent the most fundamental objects in this
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model by twists through ±π in a ribbon. For convenience
let us denote a twist through π as a “dum”, and a twist
through −π as a “dee” (U and E for short, after Tweedle-
dum and Tweedle-dee [7]). Generically we refer to such
twists by the somewhat whimsical name “tweedles”[8].
We hope to deduce the properties of quarks and leptons
and their interactions from the behaviour of their con-
stituent tweedles, and to do so we shall employ a set of
assumptions that govern their behaviour:
1) Unordered pairing: Tweedles combine in pairs, so
that their total twist is 0 modulo 2π, and the ordering
of tweedles within a pair is unimportant. The three pos-
sible combinations of UU , EE, and UE ≡ EU can be
represented as ribbons bearing twists through the angles
+2π, −2π, and 0 respectively. A twist through ±2π is
interpreted as an electric charge of ±e/3. We shall refer
to such pairs of tweedles as helons (evoking their helical
structure) and denote the three types of helons by H+,
H−, and H0.
2) Helons bind into triplets: Helons are bound into
triplets by a mechanism which we represent as the tops
of each strand being connected to each other, and the bot-
toms of each strand being similarly connected. A triplet
of helons may split in half, in which case a new connection
forms at the top or bottom of each resulting triplet. The
reverse process may also occur when two triplets merge
to form one triplet, in which case the connection at the
top of one triplet and the bottom of the other triplet “an-
nihilate” each other.
The arrangement of three helons joined at the top and
bottom is equivalent to two parallel disks connected by
a triplet of strands. In the simplest case, such an ar-
rangement is invariant under rotations through angles
of 2π/3, making it impossible to distinguish the strands
without arbitrarily labelling or colouring them. However
we can envisage the three strands crossing over or under
each other to form a braid. The three strands can then
be distinguished by their relative crossings. We will ar-
gue below that braided triplets represent fermions, while
unbraided triplets provide the simplest way to represent
gauge bosons.
3) No charge mixing: When constructing braided
triplets, we will not allow H+ and H− helons in the same
triplet. H+ and H0 mixing, and H− and H0 mixing are
allowed.
4) Integer charge: All unbraided triplets must carry
integer electric charge.
Assumption 1) is unique to the helon model, as it reflects
the composite nature of helons, however assumptions 2),
3) and 4) are merely restatements in a different context of
assumptions that Shupe and Harari made in their work.
We will require one further assumption, however it will
be left until later, as it can be better understood in the
proper context.
In terms of the number of fundamental objects, the helon
model is more economical than even the rishon model, al-
beit at the cost of allowing helons to be composite. This
seems a reasonable price to pay, as the tweedles are ex-

tremely simple, being defined by only a single property
(i.e. whether they twist through +π or −π). This may
be interpreted as representing exactly two levels of sub-
structure within quarks and leptons.
The helon model also improves on the original rishon
model by explaining why the ordering of helons (which
are analogous to rishons) should matter. There are three
permutations of any triplet with a single “odd-man-out”.
Without braiding we cannot distinguish these permuta-
tions, by the rotational invariance argument above. How-
ever, if we allow braiding, the strands (and hence per-
mutations) become distinct, in general. We may asso-
ciate these permutations with the three colour charges of
QCD, just as was done in the rishon model, and write the
helons in ordered triplets for convenience. The possible
combinations and their equivalent quarks are as follows
(subscripts denote colour):

H+H+H0 (uB) H+H0H+ (uG) H0H+H+ (uR)
H0H0H+ (dB) H0H+H0 (dG) H+H0H0 (dR)
H−H−H0 (uB) H−H0H− (uG) H0H−H− (uR)
H0H0H− (dB) H0H−H0 (dG) H−H0H0 (dR).

while the leptons are:

H+H+H+ (e+) H0H0H0 (νe) H−H−H− (e−)

Note that in this scheme we have created neutrinos, but
not anti-neutrinos. This has occurred because the H0

helon is its own anti-particle. This apparent problem will
be turned to our advantage in Section III. Note also that
we have not ascribed any of the usual quantum numbers
(such as mass or spin [13]) to the helons. It is our expec-
tation that spin, mass, hypercharge and other quantities
emerge dynamically, just like electric charge, as we ar-
range helons into more complex patterns.
It is interesting to note that three helons seems to be
the minimum number from which a stable, non-trivial
structure can be formed. By stable, we mean that a
physical representation of a braid on three strands (e.g.
made from strips of fabric) cannot in general be smoothly
deformed into a simpler structure. By contrast, such a
physical model with only two strands can always be un-
twisted.

III. PHENOMENOLOGY OF THE HELON

MODEL

A braid on n strands is said to be an element of the
braid group Bn. Given any element of Bn, it is also pos-
sible to create a corresponding anti-braid, which is the
top-to-bottom mirror image of that braid, and is also an
element of Bn (it is therefore merely a matter of conven-
tion what we call a braid or an anti-braid). If we join
the strands of a braid with those of its top-to-bottom
mirror image (i.e. we take the braid product [9]) we ob-
tain a structure which can be deformed into the trivial
braid. Conversely, if the strands of a trivial braid are
crossed so as to form a braid, an anti-braid must also be
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FIG. 1: The fermions formed by adding zero, one, two or
three charges to a neutral braid. Charged fermions come in
two handedness states each, while ν and ν come in only one
each. (3) denotes that there are three possible permutations,
identified as the quark colours. The bands at top and bottom
represent the binding of helons.

formed. Thus if we assign a quantity β = +1 to braids
and β = −1 to anti-braids, NB =

!

β is conserved in
splitting and joining operations (where the sum is taken
over all braids and anti-braids present). These proper-
ties are reminiscent of the relationship between particles
and anti-particles, and so it is natural to use the top-to-
bottom mirroring of braids as a model for particle–anti-
particle interchange, or C inversion. In addition, given
any element of Bn, its left-to-right mirror image may
be formed. We will call these the left-handed and right-
handed forms of a braid. It seems natural to equate these
with particles and anti-particles having positive and neg-
ative helicity. From the discussion above, all fermions
and their anti-particles are represented by braids which
are elements of B3.
Let us construct the first-generation fermions with pos-
itive charge as shown on the right of Figure 1 (we are
using a basic braid, like that used to plait hair, for illus-
trative purposes, however an arbitrary number of cross-
ings is possible). This yields the positron, up quark,
anti-down quark, and anti-neutrino. Now let us con-
struct the negatively-charged fermions by taking the
top-to-bottom mirror images of the positively charged
fermions. We have constructed the positively charged
fermions by adding positive charges (dees) to a right-
handed braid, and their anti-particles by adding negative
charges (dums) to a left-handed anti-braid. This deci-
sion was of course completely arbitrary. We can also add
dees to a left-handed braid and dums to a right-handed
anti-braid. If we do this, we create all the possible charge-
carrying braids in two different handedness states exactly
once, but following the same procedure for the uncharged
braids (i.e. neutrinos and anti-neutrinos) would mean du-
plicating them, since this second pair of neutral leptons is
identical to the first pair, rotated through ±π. In other
words, to avoid double-counting we can only construct
the (anti-)neutrino in a (right-)left-handed form, while
all the other fermions come in both left- and right-handed
forms. This pleasing result is a direct consequence of the
fact that we construct the neutrino and anti-neutrino

FIG. 2: A representation of the decay µ → νµ+e−+νe, show-
ing how the substructure of fermions and bosons demands
that charged leptons decay to neutrinos of the same genera-
tion.

from the same sub-components (by contrast the rishon
model used neutral rishons for the νe and neutral anti-
rishons for the νe).
If we perform C and P operations on any braid (except
a ν or ν, on which we cannot perform P) we obtain the
braid diagonally opposite it in Figure 1. We may define a
further operation which consists of rotating a braid clock-
wise or anti-clockwise through π, and reversing the sign
of all charges. This operation will be called T, and we
note that performing C, P, and T in any order on a braid
leaves that braid unchanged.
Having constructed the quarks and leptons, we now turn
our attention to their interactions via the electroweak
and colour forces.
The Electroweak Interaction We shall begin by con-
structing the bosons of the electroweak interaction, γ,
W+, W−, and Z0. The W+ and W− may be regarded
as a triplet of H+s and a triplet of H−s respectively. We
can create neutral bosons from a triplet of similar helons
in two ways. One is as a triplet of untwisted helons, the
other as a triplet of “counter-twisted” helons (that is,
each helon carries explicit left-handed and right-handed
twists). We shall claim that the former is the photon,
the latter is the Z0 (we may also speculate that deform-
ing an untwisted helon into a counter-twisted helon, or
vice-versa, accounts for the Weinberg mixing between the
Z0 and the photon [14]). What sets bosons apart from
fermions (i.e. so that a γ is distinct from a neutrino,
and a W± is distinct from an e±) is that the strand per-
mutation induced by the braid that forms a boson is the
identity permutation. The simplest braid that fulfills this
criterion is the trivial braid, as in Fig. 3.
All interactions between helons can be viewed as cutting
or joining operations, in which twists (tweedles) may be
exchanged between helons. These operations define ba-
sic vertices for helon interactions. By combining three
of these basic helon vertices in parallel we construct the
basic vertices of the electroweak interaction (Figure 4).
Crossing symmetries of the helon vertices automatically
imply the usual crossing symmetries for the electroweak
vertices.
We can represent higher generation fermions by allow-
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Crossing symmetries of the helon vertices automatically
imply the usual crossing symmetries for the electroweak
vertices.
We can represent higher generation fermions by allow-
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FIG. 1: The fermions formed by adding zero, one, two or
three charges to a neutral braid. Charged fermions come in
two handedness states each, while ν and ν come in only one
each. (3) denotes that there are three possible permutations,
identified as the quark colours. The bands at top and bottom
represent the binding of helons.

formed. Thus if we assign a quantity β = +1 to braids
and β = −1 to anti-braids, NB =
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β is conserved in
splitting and joining operations (where the sum is taken
over all braids and anti-braids present). These proper-
ties are reminiscent of the relationship between particles
and anti-particles, and so it is natural to use the top-to-
bottom mirroring of braids as a model for particle–anti-
particle interchange, or C inversion. In addition, given
any element of Bn, its left-to-right mirror image may
be formed. We will call these the left-handed and right-
handed forms of a braid. It seems natural to equate these
with particles and anti-particles having positive and neg-
ative helicity. From the discussion above, all fermions
and their anti-particles are represented by braids which
are elements of B3.
Let us construct the first-generation fermions with pos-
itive charge as shown on the right of Figure 1 (we are
using a basic braid, like that used to plait hair, for illus-
trative purposes, however an arbitrary number of cross-
ings is possible). This yields the positron, up quark,
anti-down quark, and anti-neutrino. Now let us con-
struct the negatively-charged fermions by taking the
top-to-bottom mirror images of the positively charged
fermions. We have constructed the positively charged
fermions by adding positive charges (dees) to a right-
handed braid, and their anti-particles by adding negative
charges (dums) to a left-handed anti-braid. This deci-
sion was of course completely arbitrary. We can also add
dees to a left-handed braid and dums to a right-handed
anti-braid. If we do this, we create all the possible charge-
carrying braids in two different handedness states exactly
once, but following the same procedure for the uncharged
braids (i.e. neutrinos and anti-neutrinos) would mean du-
plicating them, since this second pair of neutral leptons is
identical to the first pair, rotated through ±π. In other
words, to avoid double-counting we can only construct
the (anti-)neutrino in a (right-)left-handed form, while
all the other fermions come in both left- and right-handed
forms. This pleasing result is a direct consequence of the
fact that we construct the neutrino and anti-neutrino

FIG. 2: A representation of the decay µ → νµ+e−+νe, show-
ing how the substructure of fermions and bosons demands
that charged leptons decay to neutrinos of the same genera-
tion.

from the same sub-components (by contrast the rishon
model used neutral rishons for the νe and neutral anti-
rishons for the νe).
If we perform C and P operations on any braid (except
a ν or ν, on which we cannot perform P) we obtain the
braid diagonally opposite it in Figure 1. We may define a
further operation which consists of rotating a braid clock-
wise or anti-clockwise through π, and reversing the sign
of all charges. This operation will be called T, and we
note that performing C, P, and T in any order on a braid
leaves that braid unchanged.
Having constructed the quarks and leptons, we now turn
our attention to their interactions via the electroweak
and colour forces.
The Electroweak Interaction We shall begin by con-
structing the bosons of the electroweak interaction, γ,
W+, W−, and Z0. The W+ and W− may be regarded
as a triplet of H+s and a triplet of H−s respectively. We
can create neutral bosons from a triplet of similar helons
in two ways. One is as a triplet of untwisted helons, the
other as a triplet of “counter-twisted” helons (that is,
each helon carries explicit left-handed and right-handed
twists). We shall claim that the former is the photon,
the latter is the Z0 (we may also speculate that deform-
ing an untwisted helon into a counter-twisted helon, or
vice-versa, accounts for the Weinberg mixing between the
Z0 and the photon [14]). What sets bosons apart from
fermions (i.e. so that a γ is distinct from a neutrino,
and a W± is distinct from an e±) is that the strand per-
mutation induced by the braid that forms a boson is the
identity permutation. The simplest braid that fulfills this
criterion is the trivial braid, as in Fig. 3.
All interactions between helons can be viewed as cutting
or joining operations, in which twists (tweedles) may be
exchanged between helons. These operations define ba-
sic vertices for helon interactions. By combining three
of these basic helon vertices in parallel we construct the
basic vertices of the electroweak interaction (Figure 4).
Crossing symmetries of the helon vertices automatically
imply the usual crossing symmetries for the electroweak
vertices.
We can represent higher generation fermions by allow-
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FIG. 3: The bosons of the electroweak interaction. Notice
that the Z0 and the photon can deform into each other.

ing the three helons to cross in more complicated pat-
terns. Thus all fermions may be viewed as a basic neu-
trino “framework” to which electric charges are added,
and the structure of this framework determines to which
generation a given fermion belongs. If, say, a muon emits
charge in the form of a W− boson, the emission of this
(trivially braided) boson does not affect the fermion’s
braiding structure. Therefore the muon loses charge but
does not change generation, and must transform into a
muon-neutrino. Likewise, tau-neutrinos may only trans-
form into tau particles and electron-neutrinos may only
transform into electrons. A similar argument applies to
quarks, although the mechanism by which the Cabibbo
angles become non-zero is not immediately apparent. No-
tice that since W± bosons carry three like charges, such
processes will change quark flavour but not colour.
The Colour Interaction We have thus far described
electroweak interactions as splitting and joining opera-
tions on braids. We may similarly represent colour in-
teractions physically, this time as the formation of a
“pancake stack” of braids. Each set of strands that lie
one-above-the-other can be regarded as a “super-strand”,
with a total charge equal to the sum of the charges on
each of its component strands. If we represent braids as
permutation matrices, with each non-zero component be-
ing a helon, we can easily represent the colour interaction
between fermions as the sum of the corresponding matri-
ces. For instance a red up quark, and an anti-red anti-up
combining to form a neutral pion could be represented as

⎡

⎣

0 0 H0

H+ 0 0
0 H+ 0

⎤

⎦ +

⎡

⎣

0 0 H0

H− 0 0
0 H− 0

⎤

⎦

=

⎡

⎣

0 0 H0 + H0

H+ + H− 0 0
0 H+ + H− 0

⎤

⎦ (1)

where the sum of two helons on the right-hand-side de-
notes a super-strand composed of a pair of helons. In this
case all three super-strands have zero net charge. In this
way hadrons can be regarded as a kind of superposition
of quarks. We can now introduce our last assumption.
5) Charge equality:When two or more braids are
stacked, they must combine to produce the same total
charge on all three super-strands.
It is obvious that leptons trivially fulfill this criterion,

FIG. 4: The charge transferring vertex (TV) and the po-
larising vertex (PV) are basic helon vertices from which the
electroweak basic vertices can be formed.

and will therefore not partake of the colour interaction.
The reader may verify that quarks will naturally form
groupings with integer electric charge, which are colour-
neutral, for example three quarks forming a proton:

dB + uR + uG =

⎡

⎣

0 0 H0

H0 0 0
0 H− 0

⎤

⎦

+

⎡

⎣

0 0 H0

H+ 0 0
0 H+ 0

⎤

⎦ +

⎡

⎣

0 0 H+

H0 0 0
0 H+ 0

⎤

⎦ . (2)

In QCD there are eight gluons. Two of these are super-
positions of like colour/anti-colour states, which we may
visualise as triplets with some untwisted strands, and
some counter-twisted strands (strands with explicit pos-
itive and negative twist, as per the description of the Z0,
above). The remaining six are “pure” unlike colour/anti-
colour pairings, which we can visualise as the six permu-
tations of one H+, one H0, and one H−.
Hypercharge Recall that we assigned β = +1 to the
braids on the top row of Figure 1, and β = −1 to the
braids on the bottom row. This effectively distinguishes
between fermions with a net positive and net negative
charge. To distinguish between quarks and leptons the
number of odd-men-out within any triplet, divided by
the number of helons within a triplet suggests itself as
a useful quantity (taking a value of 0 for leptons and
1/3 for quarks). However this quantity does not distin-
guish between a particle and its anti-particle. To rectify
this shortcoming we will define a new quantity, given by
one-third the number of “more positive” helons, minus
one-third the number of “less positive” helons. We shall
denote this quantity by the symbol Ω. To clarify, H+

helons are considered “more positive” than H0 helons,
which are “more positive” than H− helons. If N(H+) is
the number of H+ helons, N(H0) the number of H0s and
N(H−) the number of H−s within a triplet, and remem-
bering that H+ and H− helons never occur within the
same braided triplet, we may write

Ω = β

(

1

3
N(H+) +

1

3
N(H−) −

1

3
N(H0)

)

. (3)
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model by twists through ±π in a ribbon. For convenience
let us denote a twist through π as a “dum”, and a twist
through −π as a “dee” (U and E for short, after Tweedle-
dum and Tweedle-dee [7]). Generically we refer to such
twists by the somewhat whimsical name “tweedles”[8].
We hope to deduce the properties of quarks and leptons
and their interactions from the behaviour of their con-
stituent tweedles, and to do so we shall employ a set of
assumptions that govern their behaviour:
1) Unordered pairing: Tweedles combine in pairs, so
that their total twist is 0 modulo 2π, and the ordering
of tweedles within a pair is unimportant. The three pos-
sible combinations of UU , EE, and UE ≡ EU can be
represented as ribbons bearing twists through the angles
+2π, −2π, and 0 respectively. A twist through ±2π is
interpreted as an electric charge of ±e/3. We shall refer
to such pairs of tweedles as helons (evoking their helical
structure) and denote the three types of helons by H+,
H−, and H0.
2) Helons bind into triplets: Helons are bound into
triplets by a mechanism which we represent as the tops
of each strand being connected to each other, and the bot-
toms of each strand being similarly connected. A triplet
of helons may split in half, in which case a new connection
forms at the top or bottom of each resulting triplet. The
reverse process may also occur when two triplets merge
to form one triplet, in which case the connection at the
top of one triplet and the bottom of the other triplet “an-
nihilate” each other.
The arrangement of three helons joined at the top and
bottom is equivalent to two parallel disks connected by
a triplet of strands. In the simplest case, such an ar-
rangement is invariant under rotations through angles
of 2π/3, making it impossible to distinguish the strands
without arbitrarily labelling or colouring them. However
we can envisage the three strands crossing over or under
each other to form a braid. The three strands can then
be distinguished by their relative crossings. We will ar-
gue below that braided triplets represent fermions, while
unbraided triplets provide the simplest way to represent
gauge bosons.
3) No charge mixing: When constructing braided
triplets, we will not allow H+ and H− helons in the same
triplet. H+ and H0 mixing, and H− and H0 mixing are
allowed.
4) Integer charge: All unbraided triplets must carry
integer electric charge.
Assumption 1) is unique to the helon model, as it reflects
the composite nature of helons, however assumptions 2),
3) and 4) are merely restatements in a different context of
assumptions that Shupe and Harari made in their work.
We will require one further assumption, however it will
be left until later, as it can be better understood in the
proper context.
In terms of the number of fundamental objects, the helon
model is more economical than even the rishon model, al-
beit at the cost of allowing helons to be composite. This
seems a reasonable price to pay, as the tweedles are ex-

tremely simple, being defined by only a single property
(i.e. whether they twist through +π or −π). This may
be interpreted as representing exactly two levels of sub-
structure within quarks and leptons.
The helon model also improves on the original rishon
model by explaining why the ordering of helons (which
are analogous to rishons) should matter. There are three
permutations of any triplet with a single “odd-man-out”.
Without braiding we cannot distinguish these permuta-
tions, by the rotational invariance argument above. How-
ever, if we allow braiding, the strands (and hence per-
mutations) become distinct, in general. We may asso-
ciate these permutations with the three colour charges of
QCD, just as was done in the rishon model, and write the
helons in ordered triplets for convenience. The possible
combinations and their equivalent quarks are as follows
(subscripts denote colour):

H+H+H0 (uB) H+H0H+ (uG) H0H+H+ (uR)
H0H0H+ (dB) H0H+H0 (dG) H+H0H0 (dR)
H−H−H0 (uB) H−H0H− (uG) H0H−H− (uR)
H0H0H− (dB) H0H−H0 (dG) H−H0H0 (dR).

while the leptons are:

H+H+H+ (e+) H0H0H0 (νe) H−H−H− (e−)

Note that in this scheme we have created neutrinos, but
not anti-neutrinos. This has occurred because the H0

helon is its own anti-particle. This apparent problem will
be turned to our advantage in Section III. Note also that
we have not ascribed any of the usual quantum numbers
(such as mass or spin [13]) to the helons. It is our expec-
tation that spin, mass, hypercharge and other quantities
emerge dynamically, just like electric charge, as we ar-
range helons into more complex patterns.
It is interesting to note that three helons seems to be
the minimum number from which a stable, non-trivial
structure can be formed. By stable, we mean that a
physical representation of a braid on three strands (e.g.
made from strips of fabric) cannot in general be smoothly
deformed into a simpler structure. By contrast, such a
physical model with only two strands can always be un-
twisted.

III. PHENOMENOLOGY OF THE HELON

MODEL

A braid on n strands is said to be an element of the
braid group Bn. Given any element of Bn, it is also pos-
sible to create a corresponding anti-braid, which is the
top-to-bottom mirror image of that braid, and is also an
element of Bn (it is therefore merely a matter of conven-
tion what we call a braid or an anti-braid). If we join
the strands of a braid with those of its top-to-bottom
mirror image (i.e. we take the braid product [9]) we ob-
tain a structure which can be deformed into the trivial
braid. Conversely, if the strands of a trivial braid are
crossed so as to form a braid, an anti-braid must also be

The Topology/Stability of the Fabric

Can we imagine these “particles” as bits
of surface  interacting in a 

“superficial spin foam”.





Figure 3: Turning over a node induces crossings and twists in the “legs” of
that node (left). A trinion flip may be used to eliminate crossing while creating
twists (right).

consist of n ribbons connecting one set of n points with a common z-coordinate,
to another set of n points also with a common z-coordinate, as described above.
In braided belts the sets of n points at both ends of the ribbon strands are
replaced by disks, or framed nodes. The union of the strands and disks is a
closed surface. The disks are thus nodes with n “legs” emerging from them, each
leg being the terminus of a ribbon strand. We furthermore relax the condition
that strands may not “loop back” on themselves. The ability to deform the
braided belt by flipping the node at one end over (e�ectively feeding it through
the strands), in order to undo crossings and hence simplify the braid structure
of the belt, is essential to the results we will discuss below.

On the left of Fig. 3 we illustrate a Y-shaped ribbon - that is, a node with
three ribbons or “legs” attached to it. Such a triple of ribbons meeting at a
node has previously been referred to as a “trinion” [2], and we shall adopt this
terminology. A trinion may be converted into a structure with both crossings
and twists, by keeping the ends fixed and flipping over the node in the middle,
as illustrated in Fig. 3 (we shall refer to this process of flipping over a node
while keeping the ends of the legs fixed as a “trinion flip”, or “trip” for short).
Conversely, on the right of Fig. 3 we show how a trinion with untwisted ribbons,
but whose upper ribbons are crossed, can be converted into a trinion with
uncrossed ribbons and oppositely-directed half-twists in the upper and lower
ribbons by performing an appropriate trinion flip (in the illustration, a negative
half-twist in the lower ribbon of the trinion and positive half-twists in the upper
ribbons). In Fig. 4, we show the same process performed on a trinion whose
(crossed) upper ribbons have been bent downwards to lie besides and to the left
of the (initially) lower ribbon. This configuration is nothing other than a framed
3-braid corresponding to the generator �1 (with the extra detail that the tops
of all three strands are joined at a node). Keeping the ends of the ribbons fixed
as before and flipping over the node so as to remove the crossings now results
in three unbraided (i.e. trivially braided) strands, with a positive half-twist on
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Figure 2: The Twist
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Figure 3: The Twist on a closed 3-Belt
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Figure 4: Braiding a Belt

braid B. They will get permuted in the process, according to the permutation
✏(B) associated with the braid B. Thus

[r, s, t]B[r⇥, s⇥, t⇥]B = [r, s, t][r⇥, s⇥, t⇥]⇥(B)BB⇥

where [r, s, t][x, y, z] = [r + x, s + y, t + z] and BB⇥ denotes the usual product of
braid words.

For example,

[r, s, t]�1[x, y, z]�2 = [r, s, t][y, x, z]�1�2 = [r + y, s + x, t + z]�1�2

.

With the braided leather belts, we have three ribbon strands as shown in
Figures 2,3 and 4. The result is three strands bound at top and bottom as shown
in these figures. As the figures indicate, the braid representation formalism
shows how to rewrite a braided leather belt in the form of twisted parallel
strips.

We see from Figure 2 that [�1/2,�1/2, 0]��1
1 , (This is Twist1 in the Figure

2) representing three strips with framings as indicated by [�1/2,�1/2, 0] and
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Figure 8: The Positron

well-defined way. If we simply regard them as braided belts, then it is possible to
get di�erent products by first deforming the belt of an individual particle, and
then multiplying. This means that the framed braid formulation is probably
necessary for dealing with particle interactions, and it leads to the question of
how to think physically about ”particles” that have to be in a specific topological
form in order to combine correctly. This is a challenge for the physics of the
situation. Here is an example: u = [0, 1, 1]⌃2⌃

�1
1 and d = ⌃1⌃

�1
2 [0, 0,⇥1]. Thus

in this form we have ud = [0, 1, 0]. However, if we reduce each of u and d to
twisted parallel strands, then we get u � [1, 0, 1] and d � [⇥1,⇥1, 1]. Evidently
[1, 0, 1][⇥1,⇥1, 1] = [0,⇥1, 2] gives a di�erent result from the direct composition
of the framed braids.

4 Algebra

In this section we give a representation of the three-strand braid group that
is particularly useful for understanding the properties of braided belts and the
particle theory that we have discussed in the previous section. This representa-
tion generalizes to the n-strand braid group, and we shall comment on this at
the end of this section.
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The recipe for these calculations is to write the braid in terms of the gen-
erators ↵1 and ↵2 of the three-strand braid group, and add twisting the strips
by using the framing vectors [a, b, c]. Then rewrite the product, as we did in
the above paragraph so that it has the form [a, b, c]P where P is a product of
permutation matrices. Then the twisted parallel strip framings are given by the
vector [a, b, c].

In this system we represent the braided belt by using a framed braid group
representation and the equivalence relation that is suggested by Figure 1. Note
that in our braid group representation we have ↵1 = [�1/2,�1/2,+1/2]P12 and,
as in Figure 1, this corresponds to the fact the flat braid corresponding to ↵1

deforms to the belt surface with three parallel belts, each with half-twists of
type [�1/2,�1/2, 1/2]. Thus, we arrive at the follwing result.

Theorem. To determnine the parallel twisted belt form of a framed braid
product B where B denotes a product of framed braids, apply the braid group
representation and reduce B to the form [a, b, c]P where P is a permuation.
Then [a, b, c] is the framing on a topologically equivalent parallel strip form of
the braided belt. Note that in this representation, we have only rooted the
bottom of the belt as shown in Figure 1. We keep the order and position of the
top strands of the belt fixed.

Example 1. The braided belt corresponding to (↵2↵
�1
1 )3 is topologically equiv-

alent to three untwisted parallel strips. This means that the belt with this braid-
ing can be made from an untwisted belt of parallel strips by an isotopy. Our
algebraic model shows this since, as we calculated above, (↵2↵

�1
1 )3 == [0, 0, 0]I

where I is the identity permutation.

Example 2. Let e+ = [1, 1, 1]↵�1
1 ↵2. This is Sundance’s positron [2]. We find

that

e+ = [1, 1, 1]↵�1
1 ↵2 = [1, 1, 1][1/2, 1/2,�1/2]P12[1/2,�1/2,�1/2]P23

= [1, 1, 1][1/2, 1/2,�1/2][�1/2, 1/2,�1/2]P12P23 = [1, 2, 0]P12P23.

Thus [1, 2, 0] gives the framings on the equivalent parallel flat strip belt. See Fig-
ure 8 for a graphical version of this calculation, and a depiction of the boundary
of the surface that corresponds to e+. We denote the boundary of this surface
by �e+. Note that �e+ is independent (topologically) of the deformation that
we have applied to straighten out the braiding from the original definition of
e+. Thus our algebraic reduction gives us an algorithm for finding the boundary
link for each particle on Bilson’s tables. We return to the whole table at the
end of this section.

Example 3. Note that for particle interactions we want well-defined operations
on the bits of topology. If we take the particles as shown in Sundance’s paper
and regard them in the braid group representation, we can then multiply in a
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Apparent Moral:
There is topological

persistence in particle properties
for the surfaces.

To what extent do the surfaces 
represent the elementary particles?

To what extent does the framed braid 
and/or its algebraic representation 

represent the
elementary particles?



The Big Question:
Is there simple knot theoretic 

combinatorial topology at the base of the world?


